ABSTRACT. In the classical setting, the modular equation of level N for the modular curve X 0 (1) is the polynomial relation satisfied by j(τ ) and j(N τ ), where j(τ ) is the standard elliptic j-function. In this paper, we will describe a method to compute modular equations in the setting of Shimura curves. The main ingredient is the explicit method for computing Hecke operators on the spaces of modular forms on Shimura curves developed in [15] .
INTRODUCTION
Let j(τ ) be the elliptic j-function. The group SL(2, Z) acts on Γ N by multiplication on the left and it can be easily checked that the cardinality of SL(2, Z)\Γ N is finite. Moreover, the multiplication of any element in SL(2, Z) on the right of the cosets in SL(2, Z)\Γ N simply permutes the cosets. Thus, any symmetric sum of j(γτ ), where γ runs over a complete set of representatives for SL(2, Z)\Γ N , will be a modular function on SL(2, Z) and therefore can be written as a rational function of j(τ ). In fact, because the only possible pole occurs at the cusp, this rational function of j(τ ) is actually a polynomial. Then the modular polynomial Φ N (x, y) of level N is defined to be the polynomial in C[x, y] such that Φ N (x, j(τ )) = γ∈SL(2,Z)\ΓN (x − j(γτ )) .
In fact, it can be easily proved that this polynomial Φ N (x, y) is in Z[x, y]. Since Y 0 (1) is the moduli space of isomorphism classes of elliptic curves over C, the equation Φ N (x, y) = 0 is the modular equation of level N for moduli of elliptic curves over C. That is, if E 1 and E 2 are two elliptic curves over C admitting a cyclic N -isogeny between them, then their j-invariants j(E 1 ) and j(E 2 ) satisfy Φ N (j(E 1 ), j(E 2 )) = 0.
Observe that if the Fourier expansion of j(τ ) is q −1 + 744 + 196884q + · · · , q = e 2πiτ , then the Fourier expansion of j(N τ ) is simply q −N + 744 + 196884q N + · · · . Thus, in principle, to determine Φ N (x, y), one just has to compute enough Fourier coefficients for j(τ ) and solve a system of linear equations. Of course, the main difficulty in practice is that the coefficients are gigantic. On the other hand, because the coefficients of Φ N (x, y) are all integers, one can compute the reduction of Φ N (x, y) modulo p for a suitable number of primes p and then use the Chinese remainder theorem to recover the coefficients. See [3] for the current state of the art in the computation of Φ N (x, y).
In this paper, we shall consider modular equations in the settings of Shimura curves. Let B be an indefinite quaternion algebra of discriminant D > 1 over Q and O be a maximal order in B. Choose an embedding ι : B ֒→ M (2, R) and let 
Here unlike the case of the modular curve X 0 (1), a symmetric sum of t(γτ ) as γ runs through representatives of Γ(O)\Γ(O)ι(α)Γ(O) is not equal to a polynomial of t(τ ) in general. Since X D 0 (1) is the moduli space of abelian surfaces over C with quaternionic multiplication, the modular equation of level N relates the moduli of two abelian surfaces with QM that have a certain type of isogenies between them. (The precise description of the isogeny is a little complicated to be given here. See [7, Appendix A] for details.) Modular equations for Atkin-Lehner quotients X D 0 (1)/W are similarly defined. When D > 1, the problem of explicitly determining modular equations for Shimura curves is significantly more complicated than its classical counterpart. The reasons are that Shimura curves do not have cusps and it is difficult to find the Taylor expansion of an automorphic function with respect to a local parameter at any given point on the Shimura curve. When D and N are both small such that X D 0 (N ) is also of genus 0, it is possible to work out an explicit cover
(1) from the ramification data alone. Then from the explicit cover, one can compute the modular equation of level N . This has been done in [4] for a limited number of cases.
Another possible method to compute modular equations for Shimura curves uses the Schwarzian differential equation associated to a Hauptmodul t(τ ). (See Section 2 for a review on the notion and properties of Schwarzian differential equation.) The idea is that with a properly chosen pair of solutions F 1 (t) and F 2 (t) of the Schwarzian differential equation and a correct positive integer e, the expression (F 2 (t)/F 1 (t)) e can be taken to be a local parameter at the point τ 0 of the Shimura curve with t(τ 0 ) = 0. Inverting the expression, one gets the Taylor expansion of t with respect to the local parameter. If somehow one manages to find the Taylor expansion of t(ι(α)τ ) (this can always be done when t(ι(α)τ 0 ) = 0, then by computing enough terms and solving a system of linear equations, one gets the modular equation. However, as far as we know, there does not seem to be any paper in the literature that employs this idea to obtain modular equations for Shimura curves. (The paper [1] did obtain the Taylor expansion for the Hauptmodul in the case D = 6. More recently, Voight and Willis [13] developed a method for numerically computing Taylor expansions of automorphic forms on Shimura curves.)
In his Ph.D. thesis [12] , Voight developed a method to compute modular equations for Shimura curves associated to quaternion algebras over totally real number fields in the cases when the Shimura curves have genus zero and precisely three elliptic points, i.e., Shimura curves associated to arithmetic triangle groups. The idea is to use hypergeometric functions, which are essentially solutions of the Schwarzian differential equations mentioned above, to numerically determine coordinates of CM-points and then use the existence of canonical models and explicit Shimura reciprocity laws to determine modular equations. Even though the equations are obtained numerically, they can be verified rigorously by showing that the monodromy group of the branched cover is correct.
In this paper, we shall present a new method to compute modular equations for Shimura curves. Our method also uses Schwarzian differential equations, but relies more heavily on the arithmetic side of the theory. Namely, in an earlier work [15] , we showed that the spaces of automorphic forms of any given weight on a Shimura curve X D 0 (1) of genus 0 can be completely characterized in terms of solutions of the Schwarzian differential equation. We [15] then devised a method to compute Hecke operators with respect to our basis. The Jacquet-Langlands correspondence plays a crucial role in our approach. It turns out that our method and results in [15] can also be used to compute modular equations for Shimura curves. We will describe the procedure in Section 3 and give a detailed example in Section 4. Using the computer algebra system MAGMA [2] , we have succeeded in determining modular equations of prime level up to 19 for X The main difficulty in generalizing our method to general Shimura curves lies at the fact that our method requires that a Schwarzian differential equation is known beforehand. Because of the problem of the existence of accessory parameters, the determination of Schwarzian differential equations usually requires that an explicit cover
is known, which can be problematic when D is large. (In some sense, what we do here is to deduce modular equations of higher levels from that of a given small level.) Nonetheless, once an explicit cover of Shimura curves is determined, the combination of the methods in [15] and in this paper will yield modular equations for the Shimura curve.
The rest of the paper is organized as follows. In Section 2, we review the definition and properties of Schwarzian differential equations. In Section 3, we describe our method to compute modular equations for Shimura curves
In Section 4, we give a detailed example illustrating our method. In Sections 5 and 6, we list part of our computational results for the Shimura curves X 
SCHWARZIAN DIFFERENTIAL EQUATIONS
In this section, we will review the definition and properties of Schwarzian differential equations. In particular, assuming the Shimura curve has genus 0, we will recall the characterization of the spaces of automorphic forms in terms of solutions of the associated Schwarzian differential equation. The method for computing Hecke operators on these spaces is too complicated to describe here. We refer the reader to [15] for details. Most materials in this section are taken from [15] .
Let X be a Shimura curve. We assume that the associated quaternion algebra is not M (2, Q) so that X has no cusps. Let F (τ ) be a (meromorphic) automorphic form of weight k and t be a non-constant automorphic function on X. It is known since the nineteen century that the functions F, τ F, . . . , τ k F , as functions of t, are solutions of a certain (k + 1)-st linear ordinary differential equations with algebraic functions as coefficients.
(See [11, 14] .) In particular, since t ′ (τ ) is a meromorphic automorphic form of weight 2, the function t ′ (τ ) 1/2 as a function of t, satisfies a second-order linear ordinary differential equation. We call this differential equation the Schwarzian differential equation associated to t, which has the following properties.
Proposition 1 ([15, Proposition 6])
. Let X be a Shimura curve of genus zero with elliptic points τ 1 , . . . , τ r of order e 1 , . . . , e r , respectively. Let t(τ ) be a Hauptmodul of X and set
, as a function of t, satisfies the differential equation
We remark that when the Shimura curve has genus 0 and precisely 3 elliptic points, the relations among B j are enough to determine the constants B j . This reflects the fact in classical analysis that a second-order Fuchsian differential equation with exactly three singularities is completely determined by the local exponents. When the Shimura curve has more than 3 elliptic points, the relations are not enough to determine B j . In literature, we refer to this kind of situations by saying that accessory parameters exist. In order to determine the accessory parameters, one usually tries to find an explicit cover of Shimura curves and use it to determine the Schwarzian differential equations associated to the two curves simultaneously. Now one of the key observations in [15] is that the analytic behavior of the Hauptmodul t ′ (τ ) is very easy to determine and from this, one can work out a basis for the space of automorphic forms of even weight k in terms of t ′ (τ ).
Proposition 2 ([15, Theorem 4]).
Assume that a Shimura curve X has genus zero with elliptic points τ 1 , . . . , τ r of order e 1 , . . . , e r , respectively. Let t(τ ) be a Hauptmodul of X and set a i = t(τ i ), i = 1, . . . , r. For a positive even integer k ≥ 4, let
Then a basis for the space of automorphic forms of weight
The combination of two propositions shows that all automorphic forms of a given even weight k can be expressed in terms of the solutions of the Schwarzian differential equation. In [15] , the author developed a method for computing Hecke operators relative to the basis in Proposition 2. The key ingredients are the Jacquet-Langlands correspondence and explicit covers of Shimura curves. We refer the reader to [15] for details.
COMPUTING MODULAR EQUATIONS FOR SHIMURA CURVES
In this section, we will present a method for computing modular equations for Shimura curves, under the working assumptions that the Schwarzian differential equations have been determined and, for a certain prime fixed p 0 , the matrices for the Hecke operator T p0 with respect to the bases in Proposition 2 have already been computed for sufficiently many k according to the recipe in [15] .
Let X be a Shimura curve of genus 0 of the form X D 0 (1)/W for some subgroup W of the group of Atkin-Lehner involutions and Γ be the discrete subgroup of SL(2, R) corresponding to X. For a prime p not dividing D, let γ j = aj bj cj dj ∈ GL + (2, R), j = 0, . . . , p, be representatives for the cosets defining the Hecke operator T p , that is,
Then the modular equation Φ p (x, y) = 0 of level p is the polynomial relation between a Hauptmodul t(τ ) for X and t(γ j τ ) for arbitrary j. Pick any nonzero automorphic form F (τ ) on X with the smallest possible weight k. For convenience, we let
the summands in (1). Then any symmetric sum of F j (τ )/F (τ ), j = 0, . . . , p, will be an automorphic function on X and hence can be expressed as a rational function of t(τ ). In other words, there is a rational function Ψ(z, x) such that
That is, we have
for all j.
Lemma 3. Let Ψ(z, x) be the rational function defined by (3) . Let Ψ ′ (z, y) be the rational function such that
which is a polynomial in z. Let R(x, y) be the resultant of Ψ(z, x) and Ψ ′ (z, y) with respect to the variable z. Then the modular polynomial Φ p (x, y) appears as one of the irreducible factors over C in the numerator of the rational function R(x, y).
We apply the action of γ ′ j to (4) and get
In other words, we have
From this equality and (4), we see that if we let R(x, y) be the resultant of Ψ(z, x) and Ψ ′ (z, y) with respect to the variable z, then R(t(τ ), t(γ j ′ τ )) = 0. In particular, the modular polynomial Φ p (x, y) appears as an irreducible factor of R(x, y) over C. This proves the lemma.
We remark that, in general, there will be more than one irreducible factors in the numerator of the resultant R(x, y), but it is not difficult to determine which one corresponds to Φ p (x, y). For example, we can use the fact that the roots of Φ p (x, x) are the coordinates of certain CM-points (also known as singular moduli) to test which factor of R(x, y) is Φ p (x, y). Thus, from the above discussion, we see that the most critical part of the calculation is the determination of the rational function Ψ(z, x), which we address now.
From Newton's identity, we know that the problem of determining the symmetric sums of F j (τ )/F (τ ) in (3) is equivalent to that of determining (F j /F ) m for m = 1, . . . , p + 1. Observe that the sum of F m j is equal to p 1−km/2 T p F , by the definition of the Hecke operator T p . Thus, to determine (F j /F ) m , one just needs to know how the Hecke operator T p acts on the basis given in Proposition 2. This is where the work of [15] comes into play.
In [15] , we developed a method to compute T p0 , p 0 a prime not dividing D, for arbitrary weight k with respect to the basis given in Proposition 2, assuming an explicit cover X 
as Hecke modules. Here 
For the situation under our consideration, we have
where the left-hand side denotes the subspace of the newform subspace of cusp forms of weight k on Γ 0 (D) that has eigenvalue −1 for all w q ∈ W , q primes, and the right-hand side denotes the space of automorphic forms of weight k on X. Thus, assuming the Hecke operator T p0 on the space S 
Compute and factorize the resultant R(x, y) of Ψ(z, x) and Ψ ′ (z, y) with respect to the variable z. (h) Determine which irreducible factor of the numerator of R(x, y) is the modular polynomial Ψ p (x, y) by using the fact that the roots of Ψ p (x, x) are coordinates of some CM-points (also known as singular moduli) on X. We now work out an example in details.
AN EXAMPLE
In this section, we will work out the modular equation of level 7 for the Shimura curve X = X 10 0 (1)/W 10 . (Note that this case was not covered in [4] .) The curve X has 4 elliptic points of orders 2, 2, 2, 3, which we denote by P 2 , P ′ 2 , P ′′ 2 , P 3 , respectively. These are CM-points of discriminants −8, −20, −40, and −3, respectively. According to [4] , there is a Hauptmodul t(τ ) that takes values ∞, 2, and 27, and 0, respectively. Using the covering X 10 0 (3)/W 10 → X 10 0 (1)/W 10 , we [15, Equation (9)] found that the Schwarzian differential equation associated to t(τ ) is
Thus, by Proposition 1, near the point P 3 , the t-expansion of t ′ (τ ) is the square of a linear combination of two solutions 
for some complex number C. In particular, the one-dimensional space of automorphic forms of weight 4 on X is spanned by
Let F j (τ ), j = 0, . . . , 7, be defined by (2) with p = 7. According to the recipe described in Section 3, we first need to compute the matrices for T 3 with respect to the basis in ( That is, for the integer k in the table, we have
The next informations we need are the Fourier expansions of Hecke eigenforms in the space S new k (Γ 0 (10), −1, −1) for k = 4, 8, . . . , 32. By MAGMA [2] , they are
respectively. Here each a is a root of the characteristic polynomial of T 3 for the corresponding weight, and is different at each occurrence. From these, we deduce that the matrices for the Hecke operator T 7 with respect to the bases in (6) Noticing that F m = f 4m,d4m for any positive integer m, we read from the matrices above that
Then the rational function Ψ(z, x) in (3) is equal to
We then set Ψ ′ (z, y) = z 8 Ψ(1/z, y) and compute the resultant R(x, y) of Ψ(z, x) and Ψ ′ (z, y) with respect to the variable z. The numerator of R(x, y) has two irreducible factors. To determine which one corresponds to the modular equation Φ 7 (x, y) of level 7, we use the fact that the roots of Φ 7 (x, x) should be the coordinates of CM-points of discriminants −3, −20, −27, −35, −40, −52, −115, −180, and −280, and these coordinates are all rational numbers. In fact, the coordinates of these CM-points were given in Table 3 of [4] . Those obtained numerically in [4] were later verified by Errthum [5] using Borcherds forms. (In general, if Φ p (x, y) is the modular equation of level p for X, then the zeros of the polynomial Φ p (x, x) should be coordinates of CM-points of discriminants of the form (
, and (100s 2 − 40p)/f 2 , subject to the condition that optimal embeddings of imaginary quadratic order of given discriminant into the maximal order in the quaternion algebra over Q of discriminant 10 exist.) That is, Φ 7 (x, x) should factor into a product of linear factors over Q. Indeed, exactly one of the two irreducible factors has this property. This determines Φ 7 (x, x). The equation of Φ 7 (x, x) is given in Section 6.
MODULAR EQUATIONS FOR
In this section, we consider the Shimura curve X 6 0 (1)/W 6 . The Hauptmodul t is chosen such that it takes values 0, 1, and ∞ at the CM-points of discriminant −24, −4, and −3, respectively. For a prime p = 2, 3, we let Φ p (x, y) denote the modular equation of level p for the Shimura curve X 6 0 (1)/W 6 . We have computed Φ p (x, y) for primes up to 19, but because the coefficients are very big, here we only list the equation for p = 7. (The equation for p = 5, with a slight change of variables, is contained in Appendix A of [15] .) Files containing equations of other levels are available upon request.
We note that for p = 7, an explicit cover X 6 0 (7)/W 6 → X 6 0 (1)/W 6 have already been determined by Elkies [4] . It is easier to use this explicit cover to obtain the modular equation.
Write Φ We next give a short list of irrational singular moduli obtained by factorizing Φ p (x, x) for p ≤ 19. Note that the norms of these coordinates were already computed in [5] . Our computation yields their exact values, not just their norms. (Note that all the rational 
